We demonstrate quantitative phase imaging of a neutral atomic beam by using a noninterferometric technique. A collimated thermal atomic beam is phase shifted by an off-resonant traveling laser beam with both a Gaussian and a TEM 01 profile and with both red and blue detuning of as much as 50 GHz. Phase variations of more than 1000 rad were recovered from velocity-selective measurements of the propagation of the atomic beam and were found to be in quantitative agreement with theoretical predictions based on independently measured phase object intensity profiles and detunings.
INTRODUCTION
The measurement of the phase of a wave field has been at the heart of many advances in physics and is the basis of many important applications. Measuring phase with atomic matter waves offers advances in both fundamental and applied precision experiments 1 ; for example, neutralatom interferometry has been used to measure rotation, gravity, and gravitational gradients with remarkable precision. 2, 3 Phase is traditionally measured by interferometry and indeed is often defined in terms of interference. Phase can more generally be defined in terms of the propagation direction of the wave field, which can be determined noninterferometrically. 4, 5 The noninterferometric approach was initially developed for applications in adaptive optics and has now been demonstrated for visible microscopy, x rays, electrons, and neutrons. 6 The technique inherently determines both intensity and phase simultaneously, and it directly measures the phase rather than its cosine. It does not require beam splitters or mirrors and places minimal constraints on the temporal coherence of the wave field. These factors are particularly valuable for matter wave phase measurements and allow us to demonstrate the approach with a simple collimated thermal rubidium beam.
DEFINING PHASE
For an arbitrary matter wave, the time-averaged probability current is an average of momentum vector p over the Wigner distribution W(r, p):
where m is the atomic mass and r is position. We can define a function ⌽ such that
where (r) is the probability density. We refer to ⌽ as the generalized phase. For a stationary scalar wave field in the coherent limit, that is, when the wave function can be written as 7 (r) ϭ ͱ(r)exp iS(r)/ប, the probability current reduces to j(r) ϭ (r)ٌS(r)/m, where S is the conventional phase. In this limit the generalized phase and the conventional phase are the same, but the generalized phase remains well defined for partially coherent fields. This is particularly important for a noncoherent field such as the thermal atom source used in our experiments and permits phase measurement in circumstances in which interferometric recovery would not be possible. Measurements of the generalized phase are equivalent to measurements of the interferometric phase in cases when interferometry is possible. For a polychromatic wave, the generalized phase measurement yields the same result as interferometry at the average wavelength. 4 In free space, in the absence of sources or sinks, conservation of probability implies that ٌ • j(r) ϭ 0. In the paraxial approximation, where the z derivative of the phase is constant (‫ץ‬⌽/‫ץ‬z Ϸ k and ‫ץ‬ 2 ⌽/‫ץ‬z 2 Ϸ 0), this conservation of probability may be written as the paraxial transport-of-intensity equation (TIE; Ref. 8):
where r Ќ is the two-dimensional position vector in the plane normal to the propagation axis and p ϭ បk the atomic momentum. The TIE is derived from the parabolic wave equation, which is satisfied by the conventional Fresnel diffraction result but with broader applicability. 8 Experimentally, the probability distribution is measured at two planes separated by ⌬z and the derivative is calculated numerically. If the field is free of singularities, sources, or sinks, then a unique solution for phase exists 9 and can be readily obtained by Fourier techniques. 5 In the experiments discussed here, we measured the probability density by using fluorescence imaging in one 
APPARATUS
Our experimental arrangement for measuring atomic matter wave phase is shown in Fig. 1 . A rubidium beam was produced with a recirculating thermal source 10 and collimated in one dimension (along x) by polarization gradient (lin ϫ lin) laser cooling. 11 The residual transverse velocity distribution is ⌬v Ϸ 6v r (FWHM), where v r ϭ 6 mm/s is the single-photon recoil velocity for Rb.
The atoms were then influenced by the phase object, an off-resonant traveling wave laser beam propagating along ŷ . The probability density of the phase-shifted matter wave was determined by velocity-selective fluorescence imaging. The fluorescence probe laser was incident at 9°t o the atomic beam and was detuned from resonance by being locked to the first crossover peak 60.35 MHz below the desired F ϭ 3 → FЈ ϭ 4 transition of 85 Rb. The selected longitudinal velocity group was then approximately v ϭ 300 Ϯ 15 m/s (atomic de Broglie wavelength, dB ϭ 0.016 nm), where the width is determined by the geometry and the saturated probe laser linewidth. The fluorescence was imaged by use of a cooled CCD camera with a 16-bit dynamic range and a spatial resolution in the image plane of 6.43 Ϯ 0.05 m.
To measure the longitudinal derivative, probability distributions are needed in two planes separated along propagation axis ẑ . Initial measurements were made with two fluorescence probes separated by approximately 6 mm. The small separation distance allowed both probes to be imaged on the same CCD frame, but the difference between the two closely spaced images did not have an adequate signal-to-noise ratio for accurate phase recovery.
A much larger effective separation was achieved with a single fixed CCD imaging system and a single fluorescence probe. Two images were acquired, at 10 cm from the nominal phase object location, with the phase object on and off. The image with the phase object off is equivalent to a fluorescence profile taken immediately after the phase object, with two provisos: First, the unperturbed atomic beam profile should not change between the phase object's location and the fluorescence probe. We satisfy this condition by ensuring that the atomic beam does not diverge significantly (e.g., by no more than one imaging pixel width) over the separation between effective imaging planes. For our divergence of Ϯ6v r /v the maximum separation distance was ⌬z ϭ 10 cm.
The object-on-object-off method also assumes that the phase object is nonabsorbing. Using measurements in two separated planes, we determined both the phase and the probability distribution simultaneously and unambiguously. With only one measurement plane, the effects of absorption cannot be distinguished from gradients in the phase. Optical pumping produces an effect equivalent to absorption, for example, by transferring atoms from the 85 Rb F ϭ 3 to the F ϭ 2 hyperfine ground state, where they are not detected. To minimize this effect we pumped the atoms back into the F ϭ 3 ground state with a low-intensity (2 mW, Gaussian profile, 1-mm waist diameter) repumping beam tuned to the F ϭ 2 → FЈ ϭ 3 transition.
PHASE OBJECTS
The phase object is a traveling wave laser beam propagating in the ŷ direction, interacting with the atoms by means of the dipole potential. Spontaneous emission is effectively isotropic and hence is neglected. For a laser beam with intensity profile I(x, z) ϭ I 0 G(x, z), the dipole potential is 12 U͑x, z ͒ ϭ
where ␦ ϭ Ϫ 0 is the detuning of the laser frequency from resonance, I s is the saturation intensity for the atomic transition, and ⌫ is the transition linewidth. The phase object intensity profiles are
and G 01 (x, z) ϭ (x 2 / x 2 )G 00 (x, z), where x,z are the characteristic 1/e 2 beam widths. For the Gaussian phase object, a 500-mW 780-nm single-mode Ti:sapphire laser beam was focused at the atomic beam by an f ϭ 300 mm focal-length lens. The measured beam waist was x ϭ 200 m.
The TEM 01 beam was generated with a binary diffractive phase mask (Fig. 2) fabricated from a glass substrate by excimer laser ablation. 13 Approximately 8% (40 mW) of the Ti:sapphire beam was diffracted into the first-order Fig. 2 . Scanning-electron micrograph of the diffraction mask used to generate the TEM 01 mode pattern, fabricated from a microscope coverslip by excimer-laser ablation, and the measured (dotted curve) and calculated (solid curve) profiles along x. Grating spacing, 20 m. Fig. 1 . Experimental setup. The probability density of the atomic beam is modified by interaction with an off-resonant laser beam. Measurement of the fluorescence profile with the phase object on and off determines the evolution of the atomic beam. Images were taken with a CCD camera oriented along ŷ . ECDL, external-cavity diode laser.
TEM 01 beam, focused with the f ϭ 300 mm lens to a measured beam waist of x ϭ 485 m and oriented such that the dark band in the mode was along the atomic beam axis.
RESULTS
The atomic probability distribution and the longitudinal derivative were found from the sum and the difference of phase-on and phase-off image averages. The phase was then calculated by integration along x. Figure 3 shows the results for the 40-mW TEM 01 phase object in comparison with theoretical phase profiles calculated from the projected dipole potential. The agreement is generally good across the range of detunings. The phase-retrieval algorithm successfully determined the sign and spatial structure of the phase shift for variations in phase of nearly 200 rad. Note that the asymmetry in the profile is due partly to asymmetries in the laser mode that were not taken into account with the theoretical profiles.
At smaller detunings (Ϯ1 GHz) the recovered phase profiles show significant distortions at the profile edges. The distortions result from relatively noisy data at these detunings, which are particularly significant in regions where the phase gradient is small. We could avoid these low-spatial-frequency artifacts by collecting additional data and ensuring that the result had converged. Figure 4 shows the recovered and the calculated phase profiles for the 500-mW Gaussian profile phase object. The agreement is excellent for negative detunings, in this case for phase variations of more than 1000 rad. The agreement is also good for large positive detunings, ␦ ϭ ϩ20, 50 GHz. Discrepancies occur at smaller positive detunings as a result of optical pumping losses. With the phase-on/phase-off method, optical pumping removes detectable atoms from the center of the atomic beam, increasing the apparent phase gradient and the integrated phase shift. The saturated linewidth is approximately 6 GHz for the beam intensity used with the Gaussian phase object; hence there is significant overlap with both hyperfine ground states (3-GHz splitting) for smaller detunings. This effect increases the phase shift but was neglected in the calculated phase.
The results in Figs. 3 and 4 indicate that the phase of an incoherent atomic beam can be determined noninterferometrically, quantitatively, and with detailed spatial structure over a range of at least 1000 rad. Problems with optical pumping losses at small detunings could be alleviated by use of increased power in the repump laser or by the use of 87 Rb, which has a larger ground-state hyperfine separation, but a true separated-beam measurement should provide a direct measurement of the losses and an unambiguous determination of the phase profile.
Even for large phase shifts, interferometry demands sufficient stability and coherence to measure phase variations of less than one fringe. With our noninterferometric approach the necessary experimental precision is determined by the final desired phase resolution, which might be many wavelengths. The minimum phase resolvable with our noninterferometric method is approximately ⌬⌽ ϭ k⌬, where ⌬ is the imaging resolution. With slow atoms (20 m/s), a phase-shift resolution of the order of 10 Ϫ15 m is feasible. Further research will develop the technique with slow atoms and for retrieving phase in two dimensions, where interferometry is particularly difficult and the phase-recovery algorithm is inherently more stable.
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Scholten's email address is r.scholten @physics.unimelb.edu.au. Fig. 3 . Retrieved phase at dB ϭ 0.016 nm for TEM 01 phase objects. Results at small detunings show low-spatial-frequency artifacts induced by noise in regions of small phase gradients. The statistical uncertainty in the original fluorescence images is 0.3%. Fig. 4 . Retrieved phase at dB ϭ 0.016 nm for Gaussian phase objects. The discrepancy at small positive detunings is due to optical pumping losses into the undetected hyperfine ground state.
